
The study of games i s  tantamount to a study of human behavior 

in a given economic situation. Here, in simplified form, are some 
of the basic principles on which the theory of games i s  based. 
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Ti*i<i'.i. t . t . ~ ' ~  K I I  5 VGU Pascal and Ferrnat investigated 
certain G m e s  of chance. Their attempt to find the laws 
goverr1in";chance moves led them to formulate the 
foundations of the theory which, in the course of time, 
evolved to the present day theorie-i of probability and  
ytatiklifi. 

Game theory d i n  be $aid to have its origin in the 
work of Pascal and Feiuiat, hut it is probably fairer to 
say that it dates back only about twenty years. At that 
time the mathematician John \ o n  Neuniann undertook a 
s~s te ina t ic  study of panics. He gave a precise definition 
of what pn1iie-i caniiie undei his theoi y. and was particti- 
la i lv  interesttbd in irivestiptirig the interaction between 
the coiillictirig iiitt 're~ts of the different players. What 
4 w u l d  lie the hehavioi of a player? What can he be 
certain to achieve. and to what extent can his winning6 
lie reduced by the plays of hi3 opponents? 

r 7 I h e  significance of the theory of games goes far  
beyond a stuily of social panic.'. When you consider that 
a game is a sucression of moves, requiring each player 
ill each stage lo make a choice between several possible 
comses ok actiiirt. a110 leadi~~geeventual ly to a certain 
pay-off foi the different plavers, it is apparent  that the 
study of gan1es is tantamount to a study of human Le- 
haxior in a given economic sitnation. However, serious 
clifliciiltie-i of an economic rather than mathematical-- 

nature occiir: it is dilficult l o  i s o l a ~ e  the iw)iiomic i i tua-  
tion, to  delineate the pos-iihie courses of action and to 
evaluate the pay -oil. 

On these grounds the ai~plicaliiiity of von \euniann's 
work to economics has been attacked. I+:ven within a 
strict mathematical framework. the theory is fa r  f rom 
complete. \evertheless, the theory of games is here to 
stay and  it i-> a rewarding effort to try to unders~and  the 
simple principles on which it is liased. 

A complete definition of a garne cannot lie given heie. 
I t  will suflice to mention that c(Â¥rttii moves rnay be 
chance moves with kiiinvii prolialiilities ( t h e  spinning ot 
a roulette \+lieel. the shuttling of ii deck of c a r d s ) .  and 
that others may he deliberately chosen from air iongthe 
possible move, l)y the different participants in turn. The 
resulting choice. \thether of a chance move or  a deliher- 
ate move hy a player, ma) lie kno\+ii to some. one. o r  
even none of the player.'. 

H i e  rules of the game tietermi~ie what will hririgtthe 
p m e  to an end. and what \+ill he the actual pay-off to 
each participant. This  outcome ha- a certain irnportiuice 
to each player. 11 is a-ihuined that this iinportam'e can 
he measured by a number ~ h i c l i  represents the t ine 
interest of the player in the actual outcome. The game 
theory is coneerrled only in this Until pay-off and ui l l  
thus dssinne that each player i * ~  solely interested in 



a r l ~ i e v i n ~  a^- high a value for his final pal-otT as  lie 
possibly can. 

In an economic set-up. the actual outcome will i i i \ol \e  
p=rierallv varying amounts of different utilities. and tlie 
reduction to a numerical final pay-off function is a 
coin1)lex problem. (The  reader should refer to the intro- 
ductor! chapter of the Theory of (;ames and Kcoiiomic 
IS~liavior liy John vim \euniann and Oskar M o r p e s t e r n  
for  the background nece%ary to the cotistruction of a 
tiurnerical pay -off function.) 

In order  to simplify the study of games it is found 
convenient to try to reduce any given game to a certain 
standard form. 

Standardized game 

In t h e o n ,  a t  least. a l l  the pobsihie ways of playing a 
given game can be listed explicitly. and each jtlayer can 
give. ahead of time. specific iiistructioiis to a double o r  
machine) d e s c r i b i n d o w  he intends to play the game. 
Such a set of instructions must be complele enough to 
provide for  every contingency which can arise in  lie 
conrsc of the pame as  a result of the chance moves and 
the p l a j s  of the opponents. The iiistructions replace 
the player. \die need not e \ e r ~  be present  lien the game 
is played. 

A bet of instructioiib is called a strategy. o r  1nore 
exactly. a pure strategy, for the player in  question. A 
thoughtful friend can collect all  the possible strategies 
of one p la je r  in a formidable tome. one to a page. Then 
the p l a ~ e r  ueed o n h  glarii-(3 through tlie liook. point to 
a page. and  let his deputy p l a ~  the game. 

I f  each player has listed his strategies. thr  game take% 
o r  the following: simple fo rm:  each player chooses a 
page number 1rom his book; this nuniber i b  cotrirri~~ni- 
rated to the umpire, but not to tlie other players; thc 
umpire p l q s  the game out accordhip; to the instrnctioris 
received and the outcome is decided. 4r1) game is thus 
reduced to a standard type. It is simple. theoretically. 
hut complex practically, since even simple social carries 
possess a higli number of strategies. 

The role of each player 

The purpose of reducing a came to a standard type 
i+ to hiniplit\ the role of each player to n~akingcxonly 
one deliberate move namely the choice of his p a r e  
number. The game has riot been chariged in any v\ay, 
but we have gained a clear unders~aiiding of the role 
of each player. 

The job of ihe umpire i'i not yet fully automatic. In 
playing out the game he inust still spin a roulette wheel 
o r  shutHc a deck of cards)  at each occurrence of a 
chance mo\e.  But the theory of probability tearhe1-. us 
thai a succession of chance moves can be replaced by 
one chance move without changing the  game. I t  teaches 
us more. This one chance move can be eliminated if 
the various pay-offs to which it  leads a re  replaced by 
their expected value. F o r  example, if the chance move 

is the throw ot a perfed die w i k h  a pa^-off of 2 dollar% 
for  the faces I or 2. and of 5 dollars otherwise. the 
expected value is equal to 2 x I / , \  plus 5 I 2/ i equals 
1 dollars. 

The game is now I ' u l l ~  standardircd. Let us coiisidei. 
for  example, a t ~ o - p e r s u r ~  paine between l \+o pkners .  
1 and R. Let the rectaiigular a r i a ?  at the hottom of h i s  
page show the pa\-off for  the plau ' i  A. a n d  lei ci 

similar a r r a j  he $\en foi the second p l a v t ~ .  
In  the illustration each player is assumed to h a \ c  

three stratt,gies. The horiroiital 1-01- coi respond to ttiv 
strategies of 4. and tlie vertical columns to lliose ot 13. 
r h e  number 6 in tlic second rot1 and first coluiriri tell-. 
fo r  instance, the l);i\-oH lo 4 should the first plttjer 
i s o  Siib s ( ~ o n d  slrateg\.  and 11 his f i i s ~  str'ittyv. 

The sure thing 

If f rom each row the It-ast number  1 %  picked. t h ~  
r 7 iimnbers 2. 1. I .  are obtained. I he 1arp. t  of 

these. 1. has a f ~ ~ ~ i d a m e n t a l  significance for 4. l i e  i k  

certain to be cililt, to achie\e tliis amount. 1t.s.  IIP iiecd 
onl \  decide to play his third s t r a t e g .  1 %  lie . tfrc~id that 
liis iiervomncss o r  lack of '1 poker face bi l l  ?i\c him 
a ~ q  ? \I).  lie c~iri tell H hefoschand wliai 116, i *  going 
to do and does not care u h c ~ h e r  /^ hclieve- him o r  not. 
f n o  clianre mo\es  occur in the gan~e .  his cei ta inh i- 
absolute. In  the presence of chance mores. the numbers 
i i ~  the arrap-  as  explaii~tvl a I ) o ~ e .  arth not the acttt~ll 
)dy-oi l .  luit a i r  ex i~ec t td  valttes, anil i t  is on11 in the 
t i  of an expected value {hat I is certain to achieve I 

1% remo\ inghi insclf  one step further froin the game. 
4 actually can he ccr tai t~ to acliit-M" rxiort- than I .  Hatliei 
than commit himself to ci definite ~ l i a t e g j .  lie can h\ 
the probahi1itit~- uitli liich the (IilTererit strategies 
shoulcl be l ) lqc<).  dud let <i chance move [lick tlic 
st rate": . 
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called a mixed strateg; . In the example considered. 
4 can decide to play his fisst strategy with probability 
zero (i.e. not at ail ) ,  his second strategy dlso with 
probabilitv zero, and the third with probabihty one. 
This. of course. is equivalent to tlie definite choice of the 
third strategy. But he is not restricted to that vlioice. 

He may, for example. decide to play his first strategy 
with probability I / < .  his second one with probability 
zero and  his third one with proha1)ility 2/S. His expecta- 
tion againsi thp ihree defenses ot R become 8 / 3 .  I/.% 
4 S ,  and. as an expected value. he is certain to achieve 
at least 4/ 5 instead of 1 .  

hatural ly  tlie pidyer 4 can try t o  var) liis mixed 
s t r a t e u  until the guaranteed expected return is a* high 
a possible. This so-called optimal mixed strategy can 
1)e determined mathematically. In the example undei 
disrussion i t  is the mixed strateg) which has just been 
used. 

Analyzing the zero-sum game 

The analysis tu thi, point has distinguished dearly 
the salient features of the game: the player ehooseh the 
mixed strategy ; the mixed strategy determines - by a 
chance move the pure strategy; and the pure strategy 
plays the gamc. In a two-person game each person has 
an a r ray  like the 4 that ha:? jiiist heen discussed. A 
zero-sum game is one in which the arrav of the second 
player happens to be ihe negative of that of the first 
player. The analysis ha* proceeded f a r  enough to ana- 
lyze +iich gaint's. 

In these games the gain of one placer is t h e  loss of 
the other player. The  interests of the p l a y e r  a re  s t r ic th 
oppobed; thus [he intert,st of B is to m i n i m i ~ e  the i n m -  
hers in the array of A .  In the example. the mixed 
strategy of B which a l i g n s  the probabilities 0. 5/6. 1/0 
to the pure stratepiit^ of /I. leads to the expected values 
I / J .  0. l/,'> against the three possible dcfenses of 4 .  
r 7 1 hns 8 ran  he certain to prevent 4 from geltitig more 
llian I / , { .  It is remarkable that in  both cases. for  A 
and for  B. the same number. l/.3. is obtained. This  is nut 
an accident fo r  the numerical example considered. A 
fundamental result of the theory shows that t o r  a n \  
two-person zero-sum p n l e  there exist5 a unique nurnber 
11 with the following property: 

The first player 4 lias a t  least one mixed strategk 

vihich auardnlet~s him the expected halue t agamst 
a m  defenie of B. The -ccoiid plavci H has a! least 
one mixed s t r a t e p  which guarantees him the ex- 
pected \slue - I against d n j  defense of A .  
l'ither p l a ~ e r  is ~+il l i ingt to tell his opponent before 

the game the mixed strategy he is coin^ to plav. He 
cannot imvMttingh hetrdv hirnsell 1 3 ~  i n f o r n i i ~ ~ g b l i i s  
opponent of the actual sirategy ~ l i i c h  \till he played. 
n i c e  he does not know i t  himself. I t  seems natural to 
define r to be the halue of the game f o r  the first p la>er  
a i d  r the value foi the second one. If t is equal to 0 
the game is f a i r ;  if i is positi\e. the first plavet is 
favored. 

11. may lie \\eH to s u m t n a r i ~ e  the reasons for  calling 
the value of the ganie. The player 4 can achieve I .  

hu t  cannot reasonably expect more. +ince K can prevent 
his d o i r ~ v o .  But why be reasonable? The unreason- 
able player dchicves i i o t h i n g l ~ e y o n d  l e a v i n g l ~ i m s e l f  
open to possihle loss. particularly if his opponent 
should discover in time the mixed sitrategj o r  pure 
strategy he ha% chosen. Hovever. a p l a v r  ma\ have 
good reason to believe his opponent too obtuse to phi! 
i i i  an optimal wai .  He ma) he so convinced that the 
opponent will not use certain moles  as  to act ori his 
comiction. Then the pame i-. changed. The player 
sfiould a n a l ~ z t ~  the new game with these moves excluded. 

The theory of t^o-perwn non-zero-sum panics and 
of games het\\een moie  than two players heeon~es more 
involved. T h e  interests of the players a r e  nut in strict 
opposition, lint nial overlap. Some players ma? enter 
into coalitions. The coalition% act a s  one player and 
tin- joint winning-. a re  distributed among the players of 
the coalitions according to some fixed agreement. 

Tlie complications are  too nuiiierous to be disciihsed 
in detail here. I ?\ill mention o n h  that in three-persori 
games the existence of "stable"' coalitions can he estab- 
lished: stable. in the sense that t11e plavers in  a coalition 
arc  afraid to break a \ \ a l  tor  fear  of ending in a still 
more iinta\oral)le position, The  dyndmics hy which 
-table coalition- are  reached is. however. not understood. 
I ganies of more than three persons even the existence 
of stable coalitions is unknown. Many problenis remain 
to be s o h e d  to make the tlieon complete. But even as  
it stands. it is caplixatiiig and conlains man! elegant 
and bound mathematical ideas \+hich already have l)een 
appl ied to other fields. 


