New Applications of Algebra

A mathematician solves some typical, practical, present-day
problems — and thereby proves that algebra is doing better
than holding its own in modern technology.

by Marshall Hall, Jr.

A friend of mine has chserved that there are cer- Column
tain “OK words” whose use imparts a favorable im- numbher «« 0 1 2 3 4 5 6 7 8§ 9 10
pression. With this in mind he has written a book - :
about computers called Dynamic Programming, since QZNV 1 i (]) i é ll } i (l) (]) (]) i (l)
the word “dynamic” is filled with all kinds of desir- W = 100101110001
able connotations. I shall take my cue from him W ” 110010111000
and begin with “Algebra of the Space Age,” since an W : 1 0 1 0 0 1 0 11100
application to “space” provides status and modernity W, 100100101T1T120
to anything so dignified. W, 100010010111

Signals coming back to earth from a satellite will W 1100010010171
be a succession of dots and dashes which we may w,, 1 110001001201
represent algebraically by a succession of zeros and We: 112100 01 0010
ones. It is to he expected that reception of a signal Wy: 101110001001
coming from millions of miles away will not be per- We: 1101 11000100
fect. Nevertheless, if the different words produced W 00 0000000000
differ from each other sufficiently, an error in recep- Wy 610100011101
tion of one or two dots or dashes in a word will still Wy 0011010001 110
leave the receiver with no question as to which the Vvt/[l“: 8 (l) (]) i (1) é (l) 8 8 (]) } i
original word was. This is known as the problem of VV;, 011011010001
cons?mcting “?11'()r-C()rrecting codes” and has been Wo: 01 1101101000
studied extenswely. 4 W,y 001 110110100

An example of such a code is the following set of Wo,: 0001 11011010
24 words, each consisting of 12 zeros or ones, with Wp: 000 01 11 01 101
the property that any two of the words differ in at Wy: 01 00 01 1 1 01 1 0
least 6 of the 12 places: W,: 001 0001 11011
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If our reception of a word is such that two errors
are made, then by changing two of the characters
received in all possible ways we find our original
word and words differing from it in, at most, four
places—the two which were wrong to start with, and
the two which have been changed. But, in this way,
we cannot obtain any other of the 24 words since
any two differ in at least six places. With three errors
the situation is different. For example, the word

W 100110000000

differs from W,, in three places, and from Wi, in
three other places. It also differs from W, in three
places. We can detect the fact that there are at least
three errors, but we cammot decide with certainty
which the correct word is. We say that the 24 words
above form a two-error correcting, three-error de-
tecting code.

What is the underlying algebraic theory of this
code? The first twelve words are such that any two
differ from each other in exactly six places. The last
twelve are complements of the first twelve, obtained
by interchanging zeros and ones throughout. In gen-
eral, if we can find n words of length n with any two
agreeing in n/2 places and disagreeing in the other
n/2 places, by taking complements we will have a
code of 2n words of length n. This code will correct
anything less than n/4 errors and will detect errors
of n/4. Thus our problem is to construct n words
differing from each other in exactly n/2 places. Ob-
viously n must be even. For n = 2 we have

11

10
satisfying our requirements. When n is larger than 2,
it turns out that n must be a multiple of 4. The num-
ber of agreements and disagreements between rows
is not changed if we interchange zeros and ones in
a column. Let us do this so that the first row consists

entirely of ones. Then the first three rows will have
a pattern of the following type:

n/2 ns2
O N I I EOOR Y R |
Pl ;||.. 110... 0olo... ©
1l... ilo...' ol ... |lo ... 0

r s ! u
A simple calculation shows that

r+s=mn/2 t+u=n/2

r+t=n/2 s+ u=n/2

r+u=—n/2, s+t=n/2
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comparing the rows two at a time. From this it fol-
lows that r=s =t =u and s0 n=4r is a multiple
of 4. It is conjectured that every multiple of 4 may
be used to form such a code. Methods developed
in 1933 by R. E. A. C. Paley gave all multiples
of 4 up to 88, and many further values, but not until
a few weeks ago was a code developed for the number
92 using a high speed computer at the Jet Propulsion
Laboratory.

The cvelic pattern of words W, through W, above
is easily seen. It can be described by using the prime
number 11 and squares of positive numbers to place
the five I's (except for column o) by the rules

1Ir=1 4011
9 =4 4011
3=9 +4+0-11
45 4 1-11
5 =3 4211

Thus, for W, we place 1's in columns «, 1, 3, 4,
5 and 9. In the same way, for primes 19, 23, 31, of
the form 4r — 1 we may use the same sort of rule to
construct a code of 8 words of 4r dots and dashes.
But to obtain 92 as a value for 4r a more complicated
procedure was needed.

Military problems of logistics

This particular problem is a problem of arrange-
ment and, as such, is a more sophisticated version of
simple problems on permutations and combinations.
Other problems of this kind which have been studied
are military problems of logistics. For example, how
shall we plan to send spare parts and other supplies
to outer bases with the greatest expectation of satisfy-
ing all needs and yet proceeding economically? How
can we schedule oil tankers to bring oil from the pro-
duction centers to the centers of consumption, so as to
make full deliveries with the minimum number of
ships?

The assignment problem

As a final illustration of this approach I shall men-
tion the assignment problem. This is the problem of
assigning n men to n jobs, when we are given rating
scores a;;, i, j running from 1 to n as to the value of
the ith man in the jth position, so as to make the sum
of the scores for the selection as large as possible.
These scores may be the result of competitive tests,
or may be a summary of the opinions of superiors. The
source of the scores is not our concern here, and for
our purposes they can be any random assortment of
positive integers. Here is a table of scores for 8 men
and 8 positions:

continued on page 24
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PRATT & WHITNEY AIRCRAFT

Almost every scientifically trained man can find stimulating and rewarding career
opportunities within the broad spectrum of Pratt & Whitney Aircraft activities,
From the solid foundation of 36 years as a world leader in flight propulsion
systems, P&WA development activities and research investigations today are far
ranging. In addition to continuing and concentrated development effort on air
breathing and rocket engines, new and exciting avenues are being explored in
every field of advanced aerospace, marine, and industrial power applications.

The reach of the future ahead is indicated by current programs. Presently,
Pratt & Whitney Aircraft is exploring the fringe areas of technical knowledge in
magnetohydrod)/namics . . . thermionics and thermo-electric conversions . . . hyper-
sonic propulsion . . . fuel L€[[S and nuclear power.

To help move tomorrow closer to today, we continually seek ambltlous young
engineers and scientists. Your degree? It can be in: MECHANICAL = AERO-
NAUTICAL = ELECTRICAL @ CHEMICAL and NUCLEAR ENGINEERING
# PHYSICS # CHEMISTRY # METALLURGY # CERAMICS = MATHE-
MATICS # ENGINEERING SCIENCE or APPLIED MECHANICS.

The field still broadens. The challenge grows greater. And a future of recognition
and advancement may be here for you.

For further information regarding an engineering career at Pratt & Whitney
Aircraft, consult your college placement officer or write to Mr. R. P. Azinger,
_ Engineering Department, Pratt & Whitney Aircraft, East Hartford 8, Conn.

25—
PRATT & WHITNEY AIRCRAFT
Division of United Aircraft Corporation

CONNECTICUT OPERATIONS East Hartford, Connecticut

FLORIDA RESEARCH AND DEVELOPMENT CENTER Paim Beach County, Florida

All qualified- applicants will receive consideration for employment without regard to race, creed, color
or national origin.

February, 1962
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New Applications of Algebra . .

Positions

Il el 3| 4195 |6 |7 |8

/ ! 5|1 4| 7713 |6|6
2|l4a4l2|5|4a4|6]] 215
3|6e|5|2|4|4|2|5]3
s4 |7l |7z ]3|3|l2|1]s
25 (3|67 |3|2|5]|5]4
€| 7|5|6]|]7|6]I 4| 6
7| 6] 1 S|l 22|l 713
gl 44| 7|32 ! 311

The method consists in using row numbers r,, . . .,

ry and column numbers ¢, .. ., ¢, such that in every
case a;; < 1; + ¢;. This can certainly be done hy
taking all row numbers to be zero and taking ¢; to
be the largest value in the jth column. For any se-
lection of n scores —one from each row and col-
umn — we certainly have a,. <1 + ¢ ..., 8. <1y
+ c. Hence a), + *++ + a,. < + ¢+ + 1, +
¢, T s + ¢, since every column is used exactly
once. Thus our maximum selection score cannot pos-
sibly be greater than the sum S = r; + ++¢ + 1,
+ ¢ + *** + ¢, for any choice of row and colunn
numbers such that r; + ¢; > a;; for all i and j. It
can be shown that if we cannot make a selection from
those top scores a,; which are big enough so that
a;; = r; + c; then it is possible to increase some
of the r's and ¢s and decrease others in such a way
as to reduce the sum S. When S can no longer be
reduced it will be possible to make a selection in at
least one way so that S is the maximum score possible
for an assignment. k

In our case, we originally take all row numbers 0,
and column numbers 7, 6, 7, 7, 7, 5, 7, 6, with
S = 52 thus:

Positions

/| 2 3 4 5 6 7 8 ri
/111|541 @|@D| 3660
2Zlala|s]lale|1 |2|5]|o0
IJ|le|ls]z2lalal2|s|3]|o0
4 D1 |@|3]2|5]|5|4]o0
S5 (3|®@|@Dl3|2|®|s]4]o0
26| @|sle|@e|i|a|®]o
7ilel|l1]ls]l2l2]l1 @Dl3]o
gl4l1a4|@| 3|21 ]|3]1]o0

¢/ 7 6 7 7 7 5 7 6

We find there are no top scores in the second or
third row and so a selection from these top scores is
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nat possible. Having failed in our first attempt, let us
reduce all column numbers by 1 and replace the row
numbers by 1, 0,0, 1, 1, 1, 1, 1. We have decreased
our column total by 8. S is now reduced to 50 and
the condition r; + ¢; > a,; still holds in all cases.
Let us circle the top scores for this choice:

Positions

/I 2 3 4 5 6 7 8
Il slalD| D36 |®] 1
2lalals|alel i |2]|®]|a
31@®|®|z2|4|4a|2|5]3]o0
c 4 l@D 1@ 3| 3(2|1{5]1
s s 3@ @ z]2l®]s5]4]
6 |1@D|s5|e|@D|6|1|a4]|®]1
Zlel1lslele|l it @3]
glala|l@i3ale[ ]3] 1]

6 5 6 6 6 4 6 5

The optimal assignments

We can now find an assignment from these top scores.
There are in fact three different ways of doing this:

Men / 2 3 4 45 6 7 &8
- 4 5 2 I 6 8 7 3
Pasition
Assignment| 8 5 2 Il 6 4 7 3
5 8 2 | €6 4 7 3
Assignment score S = 50.

Notice that in all three assignments we must place
the third man in the second position, even though
this is not the best score possible for the man or the
best score possible for the position.

A set of rules is known so that whenever a particu-
lar set of row and column numbers, such as our first
choice, does not give an assignment from the top
scores, then the row and column numbers can be
altered to give a smaller value for S. This process can
be continued until an assignment can be found from
top scores giving us the value of S as the assignment
score. In our example we reached this stage in our
second choice of row and column numbers.

Algebra — holding its own

In summary, algebra is doing better than holding
its own in modern technology. There seems to be no
end to the sequence of new and difficult problems
which keep arising, but successful solutions are num-
erous and encouraging for the future.
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